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The Plane Wave Born Approximation (PWBA), the most prevalent First Born 
Approximation (FBA), serves as input into theories well beyond the scope of the PWBA. Using 
Mathematica’s advanced symbolic programming capabilities and integrated C++ code, 
algorithms are designed and developed that generate analytical formulas for electron excitation 
and ionization of atomic constituents of biological materials ranging from hydrogen to argon. 
Singly-differential cross sections with respect to momentum transfer, obtained here analytically, 
can be integrated over energy transfer with its zeroth and higher powers to yield cross sections, 
stopping power, and straggling; they provide input for studies of energy deposition in biomedical 
media by Monte Carlo or other techniques. Mathematica’s existing subroutines and functions do 
not analytically integrate products of non-trivial functions that are the core of the plane wave 
framework of the FBA toward calculations for the ionizing and/or excitation interactions. 
Computational procedures and programs developed here in Mathematica overcome this obstacle, 
and result in cross sections, differential with respect to the momentum transfer, for excitation and 
ionization of 1s, 2s, 2p, 3s, 3p, and 3d screened hydrogenic states of said biological constituents.  
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CHAPTER 1: INTRODUCTION 
1.1 General Problem Description 
Ultimately, we wish to calculate, in an analytical framework, differential ionization cross 
sections for transition from an initially filled subshell (S = K, L1,2,3, M1,2,3,4,5) to a final state in 
which S-electrons are excited to unoccupied states or ionized into the continuum following a 
particular momentum transfer. Such cross sections can be calculated within the confines of the 
plane wave Born approximation (PWBA) that – with explanation of symbols, reasons, and 
justifications discussed in Chapter 2 - we choose for our analytical foundation.  
The integral over Q in the following equation (derived in section 2.2 p.24) is called the 
“excitation function” [see Eq. 7.2 in [1] and note the upper limit of integration substitution from 
infinity in [1] to a finite ].  maxQ





I W F Q Qη −= ∫ dQ
)
 (1.1.1) 
This ( ,sI Wη  is the energy distribution of ejected electrons and obtaining an analytical 
expression for this energy distribution is at the very heart of this work. It is the springboard for 





I W dWη⎡ ⎤⎢ ⎥⎣ ⎦∫ , stopping 




dW⎡ ⎤⎢ ⎥⎣ ⎦∫ ( )maxmin 2 ,W sW W I W dWη⎡ ⎤⎢ ⎥⎣ ⎦∫ , and other moments of that 
energy distribution (1.1.1) in studies of penetration of charged particles through matter. We will 
develop an analytical expression for the indefinite integral, 
 ( ) 2 2WsF Q Q dQ−∫  (1.1.2) 
 
to yield cross sections with any momentum transfer to S-shell electrons. After the integration of 
Eq. (1.1.2) we can evaluate the result over a definite range ( )min max,Q Q . Then after numerical 
integration of over W, we obtain cross sections, ( ,sI Wη ) sσ , for direct ionization of a given 
shell S = K, L1,2,3, M1,2,3,4,5. These sσ are derived and compared with ionization cross section 
provided by previous fully numerical calculations tabulated by Khandelwhal, Choi, and 
Merrzbacher [2] as well as tabulated and/or obtained from the code of Liu and Cipolla [3].  
1.2 Rationale and Significance 
Our analytical approach in evaluating Eq. (1.1.2) provides insight, transparency, and 
accuracy that a numerical approach may not. One can determine limiting behavior of the 
resulting functions, and analyze their properties over the full range of parameters depending on 
application of interest. We can determine the reliability and accuracy of the analytically obtained 
ionization cross sections by comparing results to existing fully numerical results. If found 
equally or more accurate our cross sections could be used to supplement the current cross section 
database for use in various ion transport models.  
1.3 General Strategy 
 In this work Mathematica is used extensively. Mathematica is computational software 
utilized in technical computation across a myriad of disciplines [4]. Our analytical build up and 
evaluation uses an integral approach in the PWBA. Even with advanced symbolic-analytical 
capabilities, Mathematica cannot integrate the simplified yet still complex integrands resulting 
from the PWBA quantum analysis of ionizing projectile bombarding target electrons described 
by screened hydrogenic wave functions. We will establish a process that uses several 
mathematical techniques and Mathematica’s built in algorithms to break up these integrands into 





can fragment integrands that commonly occur in our analysis and then recombine their 
individual generic solutions. The indefinite integral equation (1.1.2) is a linear combination of 
these all-purpose “generic integrals”. They can be called upon to calculate differential ionization 
cross sections with respect to any momentum transfer specific to the subshell (S = K, L1,2,3, 
M1,2,3,4,5). 
 
CHAPTER 2: BACKGROUND 
2.1 History and Terminology  
 Atomic and nuclear physicists have studied inner-shell ionization of targets by inelastic 
collisions with heavy incident charged particles for many decades, particularly with regard to 
characteristic x-ray production. Applications in many interdisciplinary areas of research 
including ecological, biological, bio-medical, aeronautics and more have accelerated a renewed 
urgency in this field. Investigation of inner-shell excitation and ionization offers unique insight 
into energy loss processes by charged projectiles through matter. These processes involve cross 
sections, stopping power, straggling, and other energy transfer quantities. Inner-shell ionizations 
produce the secondary electrons that are often examined via track studies as e.g., Monte Carlo 
simulations. These studies are most pertinent to radiation phenomena in microdosimetry and 
health physics research.  
Quite commonly, calculation of the ionization cross section via direct Coulomb excitation 
has been done, using the PWBA as a foundation, for all K, L, and M shells. In the PWBA 
framework, incident-inelastically scattered charged particles are described by plane waves, 
assumed to be bare, as their electronic make-up is ignored. Additionally, since the works of 
Bethe (K-Shell) [5], Walske (L-Shell) [6], and Choi (M-Shell) [7], screened hydrogenic wave 
functions are often used to describe the target’s electrons.  
In this work, we will use atomic units throughout as listed and defined in the “List of 
Symbols and Abbreviations” on page vii. Our notation associated with the projectile ion will 
include a subscript “1” and with target atom a subscript “2”. 
 
 
 2.2 Theoretical Framework  
Within the PWBA framework, we make several limiting assumptions and 
approximations:  
? Incident and inelastically scattered projectile ion are described by plane waves 
within the FBA. 
? A projectile ion acts as a bare charged point particle given by the charge of its 
nucleus. 
? A projectile mass is significantly heavier than the electron mass.  
? Screened hydrogenic wave functions describe the target’s atomic electrons.  
? An electron is removed from an inner shell into unoccupied states (excitation) and 
the continuum state (ionization) of the target. 
? The Coulomb force is the only force of interaction between the projectile’s 
nucleus of charge Z1 and the target’s nucleus charge Z2 and its electrons.  
 Starting with the Schrödinger equation, 
 Ψ=Ψ EH ,  (2.2.1)  
where the Hamiltonian H consist of the entire system to be studied, we let the heavy charged 




















Here and are position vectors for the projectile and the target electrons in the frame of the 





(2.2.2) is the kinetic energy of the projectile in the center of 
mass of the projectile and target nuclei 1 11
1
2M M M
− −= + − . The second term is the Hamiltonian H2 
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of the target atom. Lastly, the third term accounts for the projectile-target interaction potential V. 
We assume the projectile ion to be non-relativistic, which limits its kinetic energy E1, divided by 
its mass M1 to 50 MeV/amu or less. The electronic configuration of the target is determined via 
the Schrödinger equation 
 ( ) ( )22 2 1 2 2 1 2, ,..., , ,...,Z 2ZH r r r E r r rψ ψ=v v v v v v . (2.2.3) 















⎡ ⎤⎢= − ∇ − + −⎢ ⎥⎣ ⎦
∑ ∑v 1 ⎥v v
.
 (2.2.4) 
When solving Eq. (2.2.3) with Eq. (2.2.4) we choose antisymetric product of screened 
hydrogenic wave functions. 
Next, we introduce the single-electron approximation by setting the atomic Hamiltonian 
as  








= ∑ rv  (2.2.5) 
where 
 ( ) ( )2 2i ii i i iH r E rφ φ=v v  (2.2.6) 
With iφ  and 2iE  being the single-electron eigenfunction and eigenvalue of the single-electron 
Hamiltonian . In this treatment,  2
iH
 ( )22 12 ii rH = − ∇ +v iV rv  (2.2.7) 
In the Hartree approximation the interaction potential, the so-called Hartree potential is 
 ( ) ( ) 32 2i k
k i i i




= −∑∫v v v v −  (2.2.8) 
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and due to other electrons and nucleus of the target. The Hartree potential can be simplified with 
the help of a central field approximation. Replace ( )iV rv with its average over all angles of  
ir
v ; thus making it spherically symmetric. Now the single-electron wave functions can be 
separated into products of their radial part Rnl and of spherical harmonics ,  
( )nlm irφ
lmY
 ( ) ( ) ( ),nlm i nl i lm i ir R r Yφ θ φ=  (2.2.9) 
with quantum numbers n, l, and m. Linear combinations of cross sections, based on these 
functions, form cross sections for ionization of inner subshell S to be identified by a triple of 
quantum numbers {n, l, j} as { }K 1,0,1/ 2= , { } { } { }1,2,3L 2,0,1/ 2 , 2,1,1/ 2 , 2,1,3 / 2= , and 
{ } { } { } { } { }1,2,3,4,5M 3,0,1/ 2 , 3,1,1/ 2 , 3= ,1,3 / 2 , 3,2,3 / 2 , 3,2,5 / 2 .  









= − ∇ −v  (2.2.10) 
and the single electron approximation (2.2.6) has exact analytical solutions given as hydrogenic 
wavefunctions 
 ( ) ( ) ( ),H Hnlm i nl i lm i ir R r Yφ θ φ=  (2.2.11) 









= −  (2.2.12) 
and the continuum of positive energies 21
2
k with substitution, 2Zn i
k
= , where is the 
momentum of an electron ejected into the continuum. We can obtain screened hydrogenic (SH) 
wavefunctions, , by reduction of Z2 in Eq. 
k
( )SHnlm irφ (2.2.11) by appropriate Slater’s screening 
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constant [8]. The result, 2sZ , is the effective atomic charge as seen by an electron in an inner 
shell (K, L1, 2, 3, M1,2,3,4,5) of a screened hydrogenic atom. Z2 is replaced with: 




 for K shell (n = 1) 
2 2 4.15= − for L shell (n = 2, l = 0,1) 
2 2 11.25Z Z= −  for M1, M2, and M3 subshells (n = 3, l = 0,1)  
2 2 21.15Z Z= −  for M4 and M5 subshells (n = 3, l = 2)  








, is reduced by a constant potential V2s to match the 














Using SH wave functions to analytically represent S-subshell atomic electrons provides 
significant simplicity and clarity while maintaining a suitable model. The suitability of this 
choice of wave functions can be confirmed by comparing their generalized oscillator strengths 
(GOS), which are proportional to the differential cross sections, with those of competing wave 
functions such as Hartree-Fock, correlated, etc. Irrespective of the collision regime, differential 
ionization cross sections calculated with realistic correlated wave functions would be just about 
the same as cross sections obtained with analytically simple and yet, in this sense, very accurate 
wave functions of the target atom – the screened hydrogenic wave functions. Our choice of SH 
wave functions is well justified when differential cross sections are integrated over all energy 
transfers (i.e., to obtain the total ionization cross section sσ ) are considered. SH wave functions 
are especially well suited for a description of the inner-most shells of heavy elements [9].  
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To get to the heart of the matter, Eqs. (1.1.1) and (1.1.2), we provide a customary primer 
of collision physics. The doubly differential cross section with respect to the energy transfer dE 
and to solid scattering angle d of the ionized electron, already integrated over momentum 
transfer q, is written as 
kΩ













πσ =Ω ∫  (2.2.14) 
where  is the projectile velocity. The transition amplitude 1v ifT from initial state iφ to final state 
fφ  is 
 ( )f f iT Vφ ψ += . (2.2.15) 
The complete Hamiltonian is  where  0H H V= +
 '0 , , , .i f i f i fH Eφ φ=  (2.2.16) 
We cannot determine ( )iψ + exactly. Therefore, we can choose  and approximate0H ( )iψ + . The 
Born expanded transition amplitude is 
 
,













T Vφ φ=  (2.2.18) 
is the transition amplitude in the first Born approximation (FBA). There are two choices for  
which do 
0H
a) ( )2 22 1 20 2 1 11 , ;...; ,2 R Z Z Z ZH H r s r sM R= − ∇ + +v v v v  
or do not 
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b) ( )2 220 2 1 11 , ;...; ,2 R ZH H r s rM= − ∇ + v v v vZs  
include the Coulomb repulsion between the nuclei of the projectile ion and target. With choice a) 
the incoming ion is represented by a Coulomb wave function and with choice b) by a plane wave 
function. Within the FBA of equation (2.2.18) and our choice of the plane wave function for the 
description of the projectile, one is lead to the PWBA. Owing to the orthogonality of atomic orbitals, 
whose antisymmetrized product designates the electronic configuration of the target atom, the PWBA 




f f iT Vφ φ=  (2.2.19) 









= − −∑ v v  (2.2.20) 
is reduced to the calculation of 
 ( )
( ) ( ) ( )3 3 * 1312 i f
i K K RPWBA SH SH
kknlm












are the initial and final momenta of the projectile and k is the momentum of 
the ejected electron. Using Bethe’s integral [10],  
v
 3 2




vvv v  (2.2.22) 
PWBA
knlmTv  of (2.2.21) can be further reduced to 







v  (2.2.23) 
where ( )SHknlmF qv v  is defined by 
10 
 
 ( ) ( ) ( )3 * SH iqr SH SHnlmknlm kF q d r e r rφ φ≡ ∫ vvv vv v v . (2.2.24) 
 Generally, literature represents ionization cross sections in terms of atomic form factors. 
After integration of Eq. (2.2.14) with respect to the solid angle kdΩ , but before integration over 
the momentum transfer q, the atomic form factors depend on energy transfer .  EΔ
 ( ) ( ) 22Enlm k knlmF q d F qΔ = Ω∫ vv v . (2.2.25) 
 
Integration of Eq. (2.2.25) over the momentum and energy transfers becomes universal in 
dimensionless variables. They are the dimensionless square of the momentum transfer Q and the 
dimensionless energy transfer W such that 















Δ= = , (2.2.27) 
where 22 / 2s sa n Z=
2
1v E=
is the radius of an electron in the orbit of a screened hydrogenic atom. To 
gain a sense of the relative speed of a collision, it is useful to scale the square of the projectile 
ion velocity  to the square of the electron’s velocity 
thn
12 / M1 n2 2 /s sv Z=  in the ground state 













For historical reasons, as these variables were introduced in Bethe [5] and Livingston and Bethe 
[11] to analyze just the K-shell data, both  and 2q EΔ  are scaled to the ground state (with n =1) 
11 
 
of screened hydrogenic atom. Furthermore, it is natural to scale the binding energy 2sU  of Eq. 




















−⎛ ⎞= ⎜ ⎟⎝ ⎠ . (2.2.29) 
With the introduction of these dimensionless universal variables the PWBA cross section in 
atomic units of  for S-subshell ionization is expressed as 20a










η θσ π η
⎛ ⎞= + ⎜ ⎟⎝ ⎠ , (2.2.30) 
where 





s s s W sW Q
dQf dW F Q
Q
η θ = ∫ ∫
.
 (2.2.31) 
The function ( ) 2,W sF Q in equation (2.2.31) is called the “form factor” and results from the 
transition between the bound state and final state of the electron. The integration over Q in 
equation (2.2.31) leads us back to the “excitation function” from Eq.  (1.1.1) which we have now 
derived as promised. The first integral over Q in Eq. (2.2.31) gives the energy distribution of 




CHAPTER 3: PROCEDURE AND PROGRESSION 
 3.1 Problem Revisited 
 Recall the excitation function described in Eq. (1.1.1) 





I W F Q Qη −= ∫ dQ . 
Again, this integral equation is at the very foundation of our work. For the K shell (1s) where n = 







22 exp tan 1,2
1( , ) 1








−⎛ ⎞− − +⎜ ⎟⎝ ⎠ ⎛ ⎞+= +⎜⎝ ⎠⎛ ⎞⎛ ⎞− − − + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎟  (2.3.1) 






⎜ ⎟− +⎝ ⎠ , the argument of the inverse tangent 
function is expressed as ( throughout this work for Mathematica to take the 
tan-1 in the proper quadrant. 
)2 1, 2Q k k− +
This is the simplest of expressions to be integrated and yet the integration has never been done 
analytically and is always evaluated numerically. Our initial attempts to integrate analytically by 
hand met the same fate. We tried to use Mathematica’s symbolic integration algorithm but as 
shown below it simply returns an unevaluated integral  
 The crux of the problem is the Q-1 terms. However, as detailed below and through a good bit of 
trial and error we discovered a way to evaluate this type of integral analytically. In short, we 
distribute the first product through the second. The resulting first term will be integrable but we 
then focus our attention on the second term with the Q-1 dependence.  
3.2 Specific Processes and Progressions 
The integrand in Eq. (2.2.31) and Eq. (1.1.2) can be written as a product of two factors such that 
 ( ) ( ) (2,21 ,W s n nlF Q A Q k S Q kQ = ),
)
 (2.4.1) 
n is the principal quantum number and note that the form of  is the same for all 
subshells of each shell 







2 1 22 exp tan ,
,














The second factors,  in Eq. ( ,nlS Q k (2.4.1), different for each shell S, provided for K shell by 
Merzbacher and Lewis [1] and for L and M by Liu and Cipolla [3], are shown below and in 
Appendix A. They are polynomials in Q (defined in Eq.(2.2.26)) with indices from -1 and higher. 
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The coefficients are polynomials in k (related to energy transfer defined in Eq.(2.2.27)). For 
example, for K shell with {n,l} = {0,1} = 1s, 
 ( ) 21 1, 1 3s
kS Q k
Q
+= + . (2.4.3) 
The first term of which has Q index 0 and k polynomial coefficient 1 and the second term has Q 
index -1 and k polynomial coefficient
2 1
3
k + . 
For L1 subshell {2,0} = 2s, 
 
( ) 4 2 3 2 4 22
2 4 6 4 6 8 0
2 4 6 8 10 1
8 11 41 14, 6
3 3 24 3
5 31 10 47 41 2 12
48 24 3 3840 120 3 3
1 17 7 11 2 1
768 768 48 24 3 3
sS Q k Q k Q k k Q
k k k Q k k k Q
k k k k k Q−
⎛ ⎞ ⎛ ⎞= − + + + + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛− − − + − − −⎜ ⎟ ⎜⎝ ⎠ ⎝




For L2,3 subshells {2,1} = 2p,  
 
( ) 3 2 2 2 42
2 4 6 0 2 4 6 8
9 3 19 3 1, 3
4 4 32 4 2
107 41 113 11 3 7 5 1
960 48 60 3072 64 32 12 4
pS Q k Q k Q k k Q
k k k Q k k k k −
⎛ ⎞ ⎛ ⎞= − + + − − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠






Formulas for the M subshells are more cumbersome. To generate , and 
, we use a handy matrix equation given by Liu and Cipolla [3].  
( ) (3 3, , ,s pS Q k S Q k
(3 ,dS Q k








S Q k C k Q
Q = =
= ∑∑ ij  (2.4.6) 
Choi [7] provides the coefficients . The actual values of these ( )nlijC ( )nlijC  and calculations resulting 




 3.3 Problem Solution Protocol 
To evaluate Eq.(1.1.2), ( ) 2 2WsF Q Q dQ−∫ , we call its integrand 
 ( ) ( ) ( ), ,nl n nl ,I Q k A Q k S Q k= . (2.5.1) 
Once  are defined as already listed for particular {n, l} subshells, they are multiplied by 
of equation 
( ,nlS Q k
( ),k
)




1 22 tan 1,2
7 2










e k Q k
π
− − + +−
−




The integral of this integrand over a definite range of Q is the excitation function Eq. (1.1.1) for 
the K shell. The integrations of this and similar integrands ( ) ( ) (2 2 2, , *s sI Q k A Q k S Q k= ),
),s
 
 with respect to Q are extremely difficult to solve analytically. 
Any direct attempts were fruitless. Many attempts were made using various techniques such as; 
series expansions, ordinary variable replacements, etc. It was hypothesized that the root of the 
problem stemmed from the product of 
( ) ( ) (3 3 3, , *sI Q k A Q k S Q k=
1Q− and ( ),nA Q k . Finally, a combination of techniques 
was uncovered and provided analytical solutions for the integrals for all shells K through M.  
The complete process for the K shell follows these steps:    






















− − + +−
= ⎛ ⎞⎛ ⎞− −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠









π⎛ ⎞⎛ ⎞− −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 
since it is constant with respect to Q.  
? Then distribute 1 ( , )sI Q k into two terms 
 ( )
1 2 1 22 tan ( 1,2 ) 2 tan ( 1,2 )






(( 1) 4 ) (( 1) 4 )s
k Q k k Q k
k k kI Q k
k Q k Qk Q k
− −− + + − + +− − ⎛ ++− + + + − + + += ⎜⎝ ⎠
⎞
⎟  (2.5.4) 
The first term is directly integrable.  






( ) ( )( )
1 2
1 2
2 tan ( 1,2 )
2 2 2 3
2 tan 1,2
2 2
2 222 2 2 2 22 2
e
(( 1) 4 )
32 2 12 3 3
1128 4 1 1 1 41 4







k Q k Qe
kk k
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This is the first part of our solution. Set it aside as to combine it with the following parts later. 
If we attempt to symbolically integrate the second term of (2.5.4) Mathematica will simply 
return the expression unevaluated. Therefore, use the following process to challenge the 
second terms faulty integrability.  
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(2.5.6) 
 
The middle two terms of result are directly integrable. 
? Let the middle two terms of equation (2.5.6) be
( ) ( ) ( ) ( )
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? Integrate I1ba ( Q, k )  
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22 tan 1,2 4 2 2
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1 , 1 ,
32 1 ( 8) 2 3
3 16 53
2 ( 1) ( 1)
4 3 (7 3 ) (16 165) (53 61) 18 38
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I bg Q k I ba Q k dQ
k k k Q Q
k k k
k k Q Qe
k k Q k Q k Q Q
k k Q Q
k
− − + +−
= =
⎛ ⎞⎛ ⎞+ − + + +⎜ ⎟⎜ ⎟− − + + +⎜ ⎟⎜ ⎟− − + +−⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ − − + + + + +⎜ ⎟⎜ ⎟+⎜ ⎟− − + +⎝ ⎠⎝ ⎠
+
∫
3 4 2(4 5 1))k k+ +
(2.5.7) 
Now there are three pieces to our collective solution since together they are integrable. 
However, the outer two terms of result (2.5.6) are left to deal with.  
? Distribute the outer two terms in (2.5.6)  and integrate term by term as two functions.  
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k Q k
ke k Q
I ar Q k
k k k Q k Q Q
− − + +− − −=
+ − + + + +1
 (2.5.9) 
Mathematica cannot directly integrate these two expressions. Of the two integrands 
I1ar2(Q,k) can be analytically integrated by substitution.  
? The variable replacement process will be repeated in many places so a subroutine is developed 
for the task. It is called SubForInt[input, variable, substituting variable, its definition] 
The code and usage examples are included in Appendix B 
? Go back to I1ar2(Q,k) from equation (2.5.9) and do the following substitutions: 
let 
1 22 tan ( 1,2 )kx Q k
k
− − +−= + , then  







x kxe k k
k
I ar x k
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
+
=  
The integrand in this form is now directly integrable.  
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where the symbol  stands for Hypergeometric functions. 2 1F
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? Now reverse the substitution and return to the variable Q  
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Again put this partial solution aside to combine with the previous partial solutions I1ag(Q,k) 
and I1bg(Q,k).  
? With this last result, the only remaining piece and most difficult, is the integration of the 
function I1ar1(Q,k) of equation (2.5.8) 
 ( )






I ar Q k
k Q
− − + +−
= +  (2.5.12) 
   
? To integrate this and similar functions Mathematica code is developed to permute factors of 
an integrand into combinational pairs that can be attempted to integrate by parts via: 
  udv uv vdu= −∫ ∫
The code is in Appendix B. Suffice to say for now that the usage format for IntegrateParts[ ] 
is: 
 
one can input from two to four factors into IntegrateParts[ ]. 
IntegrateParts@factor1, factor2, factor3, factor4,
integration variable
?  Use the code and defined function to integrate I1ar1(Q,k) from (2.5.8); the input/output for 




 ( ) ( )
( )
( )1 2 1 2 1 22 tan 1,2 2 tan 1,2 2 tan 1,2
22 2
log( )4 log( )
1 4
k Q k k Q k
k Q kk k
ke e QdQ dQ e Q
Q k Q k
− −
−− + + − + +− − − + +−= − +
− + + +∫ ∫ (2.5.13) 
the second is ready to be added to the collective solution 
 ( ) ( )
( )1 22 tan 1,2
52
11 7 , log( )
3 1
k Q k
kI ag Q k e Q
k
− − + +−=
+
 (2.5.14) 
? Now work with the integral term from (2.5.13). To handle this difficult expression integrate 
by substitution. To do so utilize the SubForInt[] function again. 
? Let ( )1 22 tan 1,2kx Q k
k
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kx −  
? Next let 
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x kx k ke k k
k
ξ
ξ⎛ ⎞ − −⎛ ⎞− − − = −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠  (2.5.15) 
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 (2.5.16) 
This result shows two terms to integrate the second term of result (2.5.16) is directly 
integrable. 
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⎛ ⎞−⎛ ⎞− +⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟−⎛ ⎞⎜ ⎟−⎜ ⎟⎜ ⎟⎝ ⎠ +⎜ ⎟−⎜ ⎟⎜ ⎟− − + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠
+
(2.5.18) 
This is the result of integrating the second term of result (2.5.16) only. 
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?  Next integrate by parts the first term of result (2.5.16) via the IntegrateParts[] function. The 











2 log 1 sin( ) 2 cos( )
1 cos( ) 2 sin( )
log 1 sin( ) 2 cos( )














ξ ξ ξ ξ ξξ ξ
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∫
 (2.5.19) 
and once again, there is one term to be added to the collective solution and yet another 
integral to evaluate. 
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 (2.5.20) 
? Manipulate the integrand of first term of result (2.5.19) to obtain an integrable form. Divide 
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Let  so that 1 2tan ( 1,2 )kφ − −= k ( ) 22n 1ta
k
k
φ = −  then: 
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 ( )2( ) cotyk ye φ−=  (2.5.21) 
which is now in a form that is analytically integrable and results Hypergeometric functions 
that are later converted to Incomplete Beta Functions. 
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Here is the Gamma function and 2 is the Regularized Hypergeometric Function Γ 1F%
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With that we have the final part to our collective solution. 
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? Add all partial solutions. 
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( ) ( ) ( ) ( ) ( )
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After the restoration of the prefactor 
2
7 / 12 ke
π−⎛ ⎞−⎜⎝ ⎠⎟ the function ( ),IQTest Q k  is the result of the 
indefinite integral of (1 ,s )I Q k  in equation (2.3.1). That is, the evaluation of ( ) 2 2WsF Q Q dQ−∫
for the 1s subshell. With any value of k, one can evaluate this result on any range of Q.  
For example, with k = 2 we take (  for limits over Q: )4 410 ,10−
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( ) ( )( )4 47 152
2






− + ×− =
−
 





1− ExpA− 2 π2 E
∗I1@Q,2D, 9Q,10−4, 104=E
0.0661398
The result is exactly the same as the real part of our evaluation above. Its miniscule imaginary 
part is inherent in such a calculation; the absolute value is exactly 0.0661398. In this manner, our 
analytical solution can be tested against the numerical solution for any value of k and over any 
interval of Q. 
At this point, it is important to note that this long and complicated procedure is for the K-
Shell evaluation only. We still needed to find solutions to L and M shell integrals as well.  
3.4 Generic Integrals Method 
We realized that throughout the shells and subshells there would be integrands of the 
form 
 ( ) ( ) ( )( ) ( )
2
2 1, , ( , )
nx
p
nl n nl p pnp
n




⎛ ⎞= = ⎜⎝ ⎠⎟
 (2.6.1) 
where each represents one term of the function ( ),nl pS Q k ( ),nlS Q k  and max1, 2,3,...,p p= is the 
term number.  













nd Q k knn
⎛ ⎞ ⎛= − + +⎜ ⎟ ⎜⎝ ⎠ ⎝
2⎞⎟⎠  (2.6.3) 
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and  are constants in k which we will associated with each term . We wish to 
determine a “generic integral” for each subshell {n, l} and term number p. Then we can sum 
those evaluated integrals for the solution of the entire state {n,l}. 
( )pC k ( ),nl pS Q k
 
( ) ( ) ( ) ( )( ) ( )( )
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For example the K-shell integrand ( ) ( )1 1, ,sA Q k S Q k  was 
1 2 1 22 tan ( 1,2 ) 2 tan ( 1,2
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which in generic form would be 





x xke eQ Q
d d
−++  
and the integration of which can be represented by 
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IQ Q k A Q k S Q k dQ
eC k Q dQ
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In this case,  and ( )2 1C k = ( ) ( )21 1 /C k k= + 3 . As mentioned in earlier we found that the 1Q−
generic integrals were the "tricky" ones resulting in hypergeometric functions and/or incomplete 
beta functions and required the use of the procedure outlined in Section 3.3 above. A full listing 
of the “generic integrals” can be found in APPENDIX C..  
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With these generic integrals in hand we wrote Mathematica code that for a given { }, ,n l j
selects the proper product ( ),nA Q k ( ),nl pS Q k , term by term pulling the associated generic 
integral, and summing those selected generic integrals. Output is the solution 
{ } ( ),nl, , , ,  or more concisely IQ Q k n l j⎡ ⎤⎣ ⎦ IQ Q k  to the corresponding integral Eq.(1.1.2). For 
instance to generate the solution for K-shell { }, , 1,0,0Q kIQ ⎡ ⎤⎣ ⎦  the code would automatically use 
the generic integrals and ( ),Q k10gi ( )11 ,i Q kgi  such that, 
( )
1 2 1 22 tan ( 1,2 ) 2 tan ( 1,2 )
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k Q k k Q k
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( ) ( )
( )










                       =
3
1
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k







This again gives us the solution to Eq. (1.1.2), albeit in a much less intensive manner. The 
generated ( ,nl )IQ Q k can be multiplied by the proper pre-factors (those stripped earlier for clarity) 
and numerically integrated over k (or the scaled variable of integration W)  to get the total cross 
sections as defined in Eq.(2.2.30) and Eq. (2.2.31).  
Later each individual { }, , , ,IQ Q k n l j⎡⎣ ⎤⎦  would be "compacted" into a more transparent 
form. That is, they are "compacted" into a clear polynomial in Q (with coefficient polynomials in 
k) multiplied by the exponential factor.  A full listing of the resulting { }, , , ,IQ Q W n l j⎡ ⎤⎣ ⎦  can be 




3.5 Comparisons and Verification 
To further determine the validity of this method we verify the values of  from 
Merzbacher, Choi, and Khandelwal [2] and [12]. In these works values of are 
tabulated for K and L shells, over a range of η ’s (0.005 to 10.0) and a range of θ ’s (0.64 to 
0.95, or 0.24 to 0.78 in the revised paper [12]). The revised work corrects the error of [2] for the
functions for the L shell. We used the above-mentioned "Generic Integrals" and 
associated Mathematica code to reproduce these tables. That is, the tables for the K shell in [2] 
paper and the tables for the L shells in [12].  
sf
,s sη θ( )sf
(2 ,lS Q k )
Comparative results are outstanding and typically within .02% of the published data. We 
find a larger divergence corresponding to larger values of  and at smaller values of  (low 
energy). Samples of the comparative results are shown in the following figures.  
sθ sη
 
Figure 1. Merzbacher et. al [12]/Generic Integrals Method vs  for L1 Shell Lθ
29 
 
 Figure 2. Merzbacher et. al [2]/Generic Integrals Method vs  for L1 Shell. Lη
 
Liu and Cipolla [3] provide for exact limits of Q and C++ code (ISICS) that calculates 
ionization and x-ray production cross sections using the so-called ECPSSR theory [13]. In their 
work (and in the code) they compare the PWBA cross sections to the ECPSSR theory. We can 
run their program and extract the PWBA cross sections for various elements. Then use the 
extracted data for comparison with cross sections calculated in our code. 
This code was written utilizing the afore-mentioned generic integrals method that given 
and will calculate cross sections in the scaled values 
of Liu and Cipolla.  






Usage for program the ModelCS[ ]: 
ModelCS[ 1 2 1 2 1min 1max 2, , , , , , ., [ ], [{ , , }s ]M M Z Z E E inc List U List n l j ] : where give 
the range of energies we wish to calculate and inc is the step by which we increase the energy 
variable. All other variables have been previously defined. However, 
1min 1max and E E
2[ ]sList U means a list of 
binding energies associated with a list of quantum triples, . [{List n, , }]l j
A sample of results directly from Mathematica output: 




998.0725104=, 91.4353104=, 91.3734104=, 91.1919104=, 93.4249103=, 93.1478103=, 92.7430103=,


































8 <80725., 14353., 13734., 11919., 3424.9, 3147.8, 2743., 2291.1, 2205.7
 
n l j E1 HMeVL U2s HeVL σs HbarnL
Cross Section Table 1 0 12 1 80725. 0.0000913192
2 0 12 1 14353. 1.61957
2 1 12 1 13734. 3.353
2 1 32 1 11919. 16.0589
3 0 12 1 3424.9 1089.44
3 1 12 1 3147.8 1707.07
3 1 32 1 2743. 5697.55
3 2 32 1 2291.1 9107.45
3 2 52 1 2205.7 15259.2









Table 1. Summary of input and output in the ModelCS calculation of K, L, and M shell ionization cross sections of gold 
by 1 MeV protons 
Subshell { }, ,n l j  1E  (MeV) 2sU  (eV) sσ  (barn) 
K {1,0,1/2} 1 8.0725 x 104 9.13192 x 10-5 
L1 {2,0,1/2}  1 1.4353 x 104 1.61957 
L2 {2,1,1/2}   1 1.3734 x 104 3.35300 
L3 {2,1,3/2} 1 1.1919 x 104 1.60589 x 101 
M1 {3,0,1/2} 1 3.4249 x 103 1.08944 x 103 
M2 {3,1,1/2} 1 3.1478 x 103 1.70707 x 103 
M3 {3,1,3/2} 1 2.7430 x 103 5.69755 x 103 
M4 {3,2,3/2} 1 2.2911 x 103 9.10745 x 103 






Figure 4. Ratio of this Cipolla ISICS PWBA [3]/Generic Integrals Method ionization cross sections for 1 MeV Protons on 







Table 2. Summary of K, L, and M shell ionization cross sections of nickel by 1 MeV protons 
Subshell { }, ,n l j  1E  (MeV) 2sU  (eV) sσ  (barn) 
K {1,0,1/2} 1 8332.8 31.6614 
L1 {2,0,1/2}  1 1008.1 64522.9 
L2 {2,1,1/2}   1 871.9 74336.1 
L3 {2,1,3/2} 1 854.9 154831 
M1 {3,0,1/2} 1 111.8 3.30484 x 106
M2 {3,1,1/2} 1 68.1 8.32143 x 106 
M3 {3,1,3/2} 1 68.1 1.66429 x 107 
M4 {3,2,3/2} 1 3.6 3.92946 x 109 




Figure 5. Ratio of this Cipolla ISICS PWBA [3]/Generic Integrals Method ionization cross sections for 1MeV Protons on 







Table 3. Summary of K, L, and M shell ionization cross sections of germanium by 1 MeV protons 
Subshell { }, ,n l j  1E  (MeV) 2sU  (eV) sσ  (barn) 
K {1,0,1/2} 1 1.1103 x 104 7.98435 
L1 {2,0,1/2}  1 1.4143 x 103 2.65481 x 104 
L2 {2,1,1/2}   1 1.2478 x 103 2.98266 x 104 
L3 {2,1,3/2} 1 1.2167 x 103 6.32591 x 104 
M1 {3,0,1/2} 1 1.8000 x 102 1.61714 x 106
M2 {3,1,1/2} 1 1.2790 x 102 2.97174 x 106 
M3 {3,1,3/2} 1 1.2080 x 102 6.52253 x 106 
M4 {3,2,3/2} 1 2.8700 x 101 7.80248 x 107 




Figure 6. Ratio of this Cipolla ISICS PWBA [3]/Generic Integrals Method ionization cross sections for 1MeV Protons on 









Table 4. Summary of K, L, and M shell ionization cross sections of samarium by 1 MeV protons 
Subshell { }, ,n l j  1E  (MeV) 2sU  (eV) sσ  (barn) 
K {1,0,1/2} 1 4.6834 x 104 2.70987 x 10-3
L1 {2,0,1/2}  1 7.7368 x 103 1.47108 x 101 
L2 {2,1,1/2}   1 7.3118 x 103 6.81062 x 101 
L3 {2,1,3/2} 1 6.7162 x 103 2.03852 x 102 
M1 {3,0,1/2} 1 1.7228 x 103 1.51218 x 104 
M2 {3,1,1/2} 1 1.5407 x 103 1.84053 x 104 
M3 {3,1,3/2} 1 1.4198 x 103 4.54013 x 104 
M4 {3,2,3/2} 1 1.1060 x 103 7.75420 x 104 






Figure 7. Ratio of this Cipolla ISICS PWBA [3]/Generic Integrals Method ionization cross sections for 1MeV Protons on 
Samarium (Z2 = 62) 
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CHAPTER 4: CONCLUSIONS 
4.1 Results 
We set out to calculate differential ionization cross sections analytically. In doing so, we 
determined that the major hurdle was to analytically evaluate the integral equation (1.1.1) 





I W F Q Qη −= ∫ dQ      
which gives the energy distribution of ejected electrons. Numerical evaluations of ( ),sI Wη  are 
found across the literature dating back to the work of Bethe in the 1930’s. However, to this day, 
no analytical solution exists. We developed a process to analytically solve the indefinite form of 
this integral and evaluate it over any limits of Q. Results were exact functions of Q and W that 
one can utilize as a firm basis in further calculations of cross sections, stopping power, 
straggling, and other moments.  
 The next step is to take a second integral of our analytical functions over the full range of 
transferred energy to obtain total cross sections. We found that our foundation provided excellent 
agreement with our numerical calculations as well existing numerical calculations of [2, 3, 12].  
4.2 Strengths, Weaknesses, Limitations 
 The assumptions made within the PWBA framework outlined in Chapter 2 certainly 
restrict the applicability of numerical and analytical analysis, at least with regard to incident 
energies, charge of projectiles, and target atoms. At very low projectile energies, PWBA 
ionization cross sections for inner shell ionization disagree with experiment by orders of 
magnitude [7, 9]. However, results based on screened hydrogenic wave functions of target 
electrons are in good agreement with experiment when compared to K shell ionization cross 
sections and realistically for L shell within the restrictions 2 30Z ≥ and for projectile  that 
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uch that energies s Z 1 2nd 1 1/ 1v >> , 1 2 , a sZ Z v v<< >> . The application of direct Coulomb 
excitation may be out of the reach of the PWBA framework, particularly for projectile energies 
less than 1 MeV/amu. [7].  
4.3 Prospect of Future Work 
Our analytical solutions and their generic build up may have many future applications. 
What follows are a few thoughts. Our choice of screened hydrogenic wave functions is one of 
many. A tremendous benefit of screened hydrogenic wave functions vs. Hartree-Slater and 
correlated wavefunctions is that clarity and transparent analytical calculations are, in the case of 
correlated, problematic if not completely prevented due to the mutual influence of configuration 
interaction and spin coupling in heavy atoms. An extension of this work can be to determine if 
one could produce A(Q,k) and S(Q,k) type functions resulting from other, less limiting, wave 
functions and find their analytical solutions via our generic integrals method. Some suggest more 
accurate calculations may be obtained using Hartree-Fock wave functions [2, 9]. Another 
extension of this work is to develop a similar process to analytically integrate our generically 
composed solutions over W. 
 It is important to note that beyond the PWBA, corrections can be made for energy loss 
(E), Coulomb deflection (C), perturbed stationary state (PSS), and relativistic (R) effects 
collectively known as ECPSSR theory [13]. These corrections have been done with analytical 
functions that were incorporated into the ECPSSR by appropriate scaling of the PWBA. One 
may exploit these corrections in the context of our work.  
Finally, one might apply the singly differential cross section, /d dWσ , for calculation of 
energy spectra in biological material in a way similar to which it was done for water in 2003 [14]  
for comparison with data of Toburen [15]. Reference [14] in shown in APPENDIX E. 
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APPENDIX A: CIPOLLA MATRICES 
Sample Mathematica calculation of the ( ),sS Q k  functions using the generating matrix given by 
Liu and Cipolla [3]. As well as the S3l(Q,k) functions.  





































































































3 , 0, 0,0, 0, 0, 0, 0=,
9 −10333 ,
−23
3 ,0, 0, 0, 0, 0, 0, 0, 0=,












































































































































































































































































































































































































































































































































Similar Calculations give for ( )3 ,pS Q k ( )3 ,dS Q k
 
































































































































































































































APPENDIX B: INTEGRATION SUB-ROUTINES 
























keI ar Q k
k Q





In this example factor1= , factor2= .  There are no 
further Q dependent factors and hence we can omit factors 3 and 4. The coefficient 
polynomial in k 1/ is constant with respect to this integration and is removed for 
clarity. 






k , 1Q , QF
Resulting output for this example is:  
Permutations are ::Æ−
2 ArcTanB1−k2+Q,2 kF













This output shows two permutations, the second of which is useless. The first permutation 
however, results in one integral term that can be managed and one integrated term.  
Here is another example calculation used in the progression above. 
 
The first permutation is useless so we will omit it here. Results of the second permutation are 
48 
 






2Æ 2 ξk Log@−2kCos@ξD +H−1+k2LSin@ξDD
k dξ =
‡
Æ 2 ξk HH−1+k2LCos@ξD +2kSin@ξDL



























The subroutine requires the user to input the integrand (in), the original variable (x), the 
substituting variable (u), and its definition (sb).  
SubForInt@in_, x_, u_, sb_D :=
8nin = inêD@sb, xD ê. sb → u; xsb = Solve@u m sb, xD@@1, 1DD;
nin . xsb 1ê <@@ DD
A simple usage example: 2sin[ 1]x dx−∫  
 SubForInt Sin x
 
A A 2 − 1 , x, q, xE 2 − 1E
− Sin@qD
2 è!!!!!!!!!!!1 + q
 
APPENDIX C: LIST OF SIMPLIFIED GENERIC INTEGRALS 
























BetaAÆ−2Ç ArcTanA−I1+k2M2+I−1+k2MQ,2kQE,1− Çk ,0E+BetaAÆ







2k ArcTanA1−k2+Q,2 kE 
I103+104k2−2k4 +3k8 +I128−28k2+24k4 −12k6MQ+I78−48k2+18k4MQ2+I24−12k2MQ3+3Q4Më










0dQ =gi10 Q, k






































































































Ik2+ I 14 −k2+QM2M

















































































Ik2+ I 14 −k2+QM2M








































































































































































































































































































































Ik2+ I 14 −k2+QM2M






















































































































































































































































































































































































































































































































2ArcTanA 19−k2 2k+Q, 3 Ek
I 4k29 + I
1
9 −k2 +QM2M



































































































































































































































































2ArcTanA 19−k2 2k+Q, 3 Ek
I 4k29 + I
1
9 −k2 +QM2M





























































































































































































































































64 − 1209028275 k































































2ArcTanA 19−k2 2k+Q, 3 Ek
−k2 +Q 2 7
∗Q2 dQ= gi32@Q,kD





 gi33@Q_, k_D :=
Æ−






















































































































































































































16 + 136962 k























































































































2ArcTanA 19−k2 2k+Q, 3 Ek
−k2 +Q 2 7
∗Q3 dQ= gi33@Q,kD





 gi34@Q_, k_D :=
Æ−










































































































































































































































16 + 1755810 k































































































































2ArcTanA 19−k2 2k+Q, 3 Ek
I 4k29 + I
1
9 −k2 +QM2M





We have computed generic integrals for n = 4 as well. However, they are not used in this work 
and are therefore omitted.  
 
APPENDIX D: LIST OF ( ),nlIQ Q W FUNCTIONS 
The linear combinations of “generic integrals” for each subshell are presented here. Note that 
these can be expressed in terms incomplete Beta functions instead of Hypergeometric functions. 








































− 10243 +256 W−64 W


































BetaAÆ−2Ç ArcTanAQH−2+WL−W2,2Qè −1+W E, 1− Çè −1+ W
, 0E +

























































































































































−J2+ 83 WN JÆ




BetaAÆ−2Ç ArcTanA−Q+2QW−2W2,Qè −1+4W E,1− 2Çè −1+4W
,0E +




















































































































































2Ç ArcTanA−Q+2QW−2W2,Qè −1+4W EN
− 2Çè −1+4W  
i
k
BetaAÆ−2Ç ArcTanA−Q+2QW−2W2,Qè −1+4W E, 1− 2Çè −1+4W
,0E +








 IQ30@W_, Q_D := 1W8  Æ
− 6 ArcTanA2+9 Q−9 W,2



























































































































































































































































































































 JÆ2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Q





BetaAÆ−2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Qè −1+9 W E, 1 − 3 Çè −1 + 9 W
, 0E +










IQ31@W_, Q_D := 1W8  Æ
− 6 ArcTanA2+9 Q−9 W,2




































































































9 − 1400 W





















1215 − 1184 W





















































9 + 3176 W























9 − 2060 W


































































































2N JÆ2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Q





BetaAÆ−2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Qè −1+9 W E, 1 − 3 Çè −1 + 9 W
, 0E +









IQ32@W_, Q_D := 1W9  Æ
− 6 ArcTanA2+9 Q−9 W,2














































































































































































































































































































































45  W + W
2N  JÆ2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Q





BetaAÆ−2 Ç ArcTanA−2 Q+9 Q W−9 W2,2 Qè −1+9 W E, 1 − 3 Çè −1 + 9 W
, 0E +











ANALYTICAL CROSS SECTIONS FOR ELECTRON EJECTION FROM ATOMIC SCREENED 
HYDROGENIC SHELLS 
G.Lapicki and C.D. Conticchio 
Department of Physics, East Carolina University, Greenville, North Carolina 27858, USA 
Analytical formulas for cross sections, differential in the energy of electrons ejected from S = 
K, L1, L2, L3, M1, M2, M3, M4, and M5 shells, are obtained in the plane wave Born approximation 
(PWBA).  The derivation of these formulas starts with nonrelativistic-screened hydrogenic wave 
functions and is done in Mathematica. Derivation of these formulas, which Mathematica does not 
perform automatically, will be outlined. These analytical cross sections are perfect in agreement 
with the PWBA calculated by numerical integration over the transferred momentum [1]. 
     Upon summation of singly differential cross sections so derived, cross sections for electron 
ejection -- from relatively light atoms (Z2 < 19) or molecules consisting of such atoms -- are also 
given analytically.  For example, we compare in the figure results of such calculations with the 




The discrepancies at low projectile and the ejected electron energies may be accounted for in 
the ECPSSR theory that can be cast analytically in terms of the analytical formulas that are 
presently reported [3].   
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